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We scrutinize the novel chiral transport phenomenon driven by spacetime torsion, namely the chi-
ral torsional effect (CTE). We calculate the torsion-induced chiral currents with finite temperature,
density and curvature in the most general torsional gravity theory. The conclusion complements
the previous study on the CTE by including curvature and substantiates the relation between the
CTE and the Nieh-Yan anomaly. We also analyze the response of chiral torsional current to an
external electromagnetic field. The resulting topological current is analogous to that in the axion
electrodynamics.
I. INTRODUCTION
A prominent feature of relativistic chiral matter is the
existence of various novel chiral transport phenomena.
Famous examples are the chiral magnetic effect (CME)
and the chiral vortical effect (CVE), i.e., the generation
of electric current along a magnetic field and vorticity
respectively on the condition of chirality imbalance [1–
4]. The chirality imbalance is produced by virtue of
the axial anomaly [5] so that these macroscopic chiral
transport phenomena are associated with the underlying
quantum anomaly. It has been demonstrated that the
CME is related to the axial anomaly [6]. Meanwhile,
the CVE has been regarded as involving also the gravi-
tational anomaly [7–9]. As observable manifestations of
the quantum anomaly and topological properties of chi-
ral gauge theories, chiral transport phenomena have been
studied with immense efforts in various physical contexts,
e.g., quark-gluon plasma in heavy-ion collisions [10–15];
topological condensed matter systems such as topological
insulators [16–21] or Dirac and Weyl semimetals [22–27];
electroweak media in neutron stars [28–32], the primor-
dial universe [33–35], or core-collapse supernovae [36–38].
Very recently, a rather new type of chiral transport
phenomenon is discovered. It is induced by the spacetime
torsion in the presence of chirality imbalance, and natu-
rally termed “chiral torsional effect” (CTE) [39]. Torsion
is a hypothetical spacetime property in the augmented
gravity theory called the Einstein-Cartan gravity, which
has raised great attention among gravity physics as re-
viewed by Refs. [40, 41]. It arouses extra research interest
that the CTE is supposed to be connected with the Nieh-
Yan anomaly [42] which depicts the torsional topology of
spacetime [43, 44].
Although never observed in real spacetime so far, tor-
sion can be imitated by a lattice dislocation. This
idea is formulated in lattice field theory and buttressed
by numerical computation in Ref. [45]. In condensed
matter, torsion is realizable in diverse materials like
graphene [46], topological insulators [47–49] and Weyl
semimetal [50–54], where the deformation of the materi-
als acts as torsion effectively. Especially, Weyl semimetal
is an ideal context for the CTE experiments since it bears
a chirality imbalance as well.
Despite its profound theoretical significance and
promising experimental verifiability, to the best of our
knowledge, the previous studies of the CTE are incom-
plete in the sense that they have neglected curvature
effects, or specifically, the spin connection term in the
covariant derivative, and overlooked a certain torsional
term allowed in the general torsional gravity Lagrangian.
Besides, the connection between the CTE and the Nieh-
Yan anomaly remains not entirely clear. Firm computa-
tion in a complete setup is indispensable for comprehend-
ing the interplay between torsion, curvature and axial
anomaly. Hence in this paper, we decisively calculate the
CTE current at finite temperature, density and curvature
in the most general torsional gravity theory. In addition,
we analyze the current driven by the electromagnetic field
in torsional spacetime, unveiling the impact of torsion on
the conventional Maxwell electrodynamics.
This paper is organized as follows. Sec. II serves as a
brief review of torsional gravity. We introduce the basic
notion of torsion and expound the general form of the
coupling between torsion and a fermion. In Sec. III, we
calculate the torsion-induced current. We first evaluate
the current at zero temperature and density to clarify its
relation to the Nieh-Yan’s torsional topological invariant,
and then generalize our calculation to finite temperature
and density. In Sec. IV, We analyze the current driven
by electromagnetic fields in the presence of torsion, and
hereby illuminate the analogy between the electrodynam-
ics of the torsional gravity theory to the axion electrody-
namics. The conclusive section V presents our summary
and outlook. We adopt the Euclidean spacetime through-
out this work.
II. TORSION
The standard Einstein gravity theory assumes the sym-
metry of affine connection Γλµν = Γ
λ
νµ. Together with
the metricity condition, this assumption leads one to
identify the affine connection with the Christoffel sym-
bol determined solely by metric:
Γλµν =
1
2
∆αβγρµν g
ρλ∂αgβγ , (1)
with a permutation symbol ∆αβγµνρ ≡ δαρ δβµδγν + δαν δβµδγρ −
δαµδ
β
ν δ
γ
ρ . By contrast, the Einstein-Cartan gravity theory
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2relaxes the assumption of a symmetric affine connection,
allowing for an antisymmetric part termed “torsion”:
Tλµν ≡ Γ˜λµν − Γ˜λνµ . (2)
We henceforth attach tilde in denoting quantities con-
taining torsion. Affine connection itself is not a tensor,
but torsion is, thus qualified as a physical quantity. Pro-
vided the metricity condition, the relation between Γ˜λµν
and Γλµν reads
Γ˜λµν = Γ
λ
µν −
1
2
∆αβγρµν g
λρTαβγ . (3)
Equation (3) demonstrates that the spacetime features
two independent intrinsic properties, metric and torsion.
Correspondingly, the covariant derivative of a spinor
field comprises an extra term embodying the coupling of
torsion with a fermion:
∇˜µψ ≡ ∇µψ + i
16
∆αβγνρµ Tαβγ (e
ν
ae
ρ
b − eνb eρa)σab ψ , (4)
where eµm is the vierbein satisfying the orthonormal re-
lations eµmeµn = δmn, eµme
m
ν = gµν . The first term in
Eq. (4) is the torsion-free covariant derivative in the Ein-
stein gravity theory:
∇µψ ≡ ∂µψ + i
2
ωµabσ
abψ , (5)
with σab ≡ i2 [γa, γb] and the spin connection
ωµab =
1
4
(ebσ∂µe
σ
a − eaσ∂µeσb ) +
1
4
Γαβµ(e
β
aebα − eβb eaα) .
(6)
With the covariant derivative defined by Eq. (4), we
readily write down the Dirac Lagrangian in torsional
curved spacetime,
Lmin = 1
2
ψ¯(γµ∇˜µ −m)ψ + h.c. , (7)
which is sometimes called the minimal theory. After some
algebra [41], we rewrite Eq. (7) to sort out the torsional
contribution:
Lmin = ψ¯
[
γµ
(
∇µ − 1
8
γ5Sµ
)
−m
]
ψ , (8)
where Sµ is what we call “screw torsion”:
Sµ ≡ εµνρσTρνσ (9)
with εµνρσ denoting the covariant Levi-Civita tensor.
The most general Lagrangian obeying covariance, local-
ity, renormalizability and parity symmetry allows for an-
other type of torsional term that we call “edge torsion”,
Eµ ≡ Tαµα , (10)
and takes the form of:
L = ψ¯[γµ(∇µ − η1γ5Sµ − η2Eµ)−m]ψ . (11)
The parameters η1 and η2 are arbitrary real numbers
for the general theory, while the specific choice η1 =
1/8, η2 = 0 recovers the minimal theory (8).
Two features of the Lagrangian (11) play essential roles
in later computation. Firstly, the torsional terms are en-
tirely separated. Thus we can conveniently define the
perturbation away from the torsion-free theory that cor-
responds to the choice η1 = η2 = 0. Secondly, the edge
torsion couples to a fermion in the same way as a U(1)
gauge field. It enables us to easily encompass an exter-
nal electromagnetic field by combining it with the edge
torsion:
A′µ ≡ Aµ + η2Eµ . (12)
In this way, we consider Eµ together with the electro-
magnetic field in Sec. IV. Until then we turn off A′µ for
simplicity.
III. TORSION-INDUCED CURRENT
We aim to evaluate the torsion-induced chiral current
in the most general theory (11) with metric and torsion
treated as background fields. Our calculation starts from
the following vacuum or thermal expectation value of the
chiral current:
Jµ± = 〈ψ¯γµP±ψ〉 , (13)
where “+” and “−” stand for right-handedness and left-
handedness respectively, and P± ≡ 12 (1±γ5) denotes the
chiral projector.
Throughout the present section, as explained above,
the electromagnetic field together with the edge torsion,
A′µ, is shut down, and the screw torsion Sµ is disposed as
a perturbation to the linear order. In parallel, the effect
of curvature is also kept to the leading order in terms of
the curvature tensor Rµνρσ.
The chiral current Jµ± is calculated in two different
setups. The result at zero temperature and density is
achieved in Sec. III A. The axial current, in this case, de-
pends on the ultraviolet cutoff and its divergence proves
related to the Nieh-Yan topological invariant. Then the
generalization to finite temperature and density is ac-
complished in Sec. III B. The chiral current relies on the
interplay between torsion and curvature, and exhibits a
distinctive dependence on temperature and density in
contrast to the CME and the CVE.
A. Zero temperature and density
At zero temperature and density, given that the screw
torsion Sµ is an axial vector, the vector current vanishes
3at O(Sµ). We therefore focus on the axial current
Jµ5 = 〈ψ¯γµγ5ψ〉 . (14)
We calculate it as the trace involving the propagator, in
a similar way to Ref. [45]. The perturbative expansion
with respect to the screw torsion gives rise to
Jµ5 = −η1 Tr(γµγ5Gγνγ5G)Sν +O(S2µ, ∂2Sµ) , (15)
with G representing the torsion-free propagator and Tr
standing for the trace over both Dirac indices and co-
ordinate space. We make two remarks about our power
counting. Firstly, given the symmetry property of the
curvature tensor, the torsion-independent part vanishes
at zero temperature and density, as also pointed out in
Ref. [4]. Secondly, from the perspective of parity, one can
understand that the first-order derivative of Sµ does not
contribute to the axial current.
To simplify our computation, we employ the Riemann
normal coordinate around the point x at which the cur-
rent is evaluated. In this coordinate system, the Christof-
fel symbol Γµνρ vanishes at x and the γ-matrices are those
in flat spacetime. After the transformation into momen-
tum k-space, the propagator at the coincidental point
acquires the following form according to Ref. [55]:
G(x, x′ → x) =
∫
d4k
(2pi)4
(iγµkµ +m)G(k) , (16)
where the function G(k) includes curvature effects in a
perturbative way:
G(k) = −
[
1−
(
A1 + iA1α
∂
∂kα
−A1αβ ∂
2
∂kα∂kβ
)
∂
∂m2
+A2
(
∂
∂m2
)2 ]
1
k2 +m2
+ · · · . (17)
The first coefficient A1 is proportional to the scalar cur-
vature,
A1 =
R
12
. (18)
The subsequent coefficients, A1α, A1αβ , A2 and so
forth, consist of higher orders of curvature or derivatives
thereof. One can refer to Ref. [55] for the specific value of
them but we focus on the leading-order curvature effect
so that A1 suffices.
Inserting Eqs. (16) and (17) into Eq. (15) and taking
the trace over Dirac indices yield:
Jµ5 = 2η1S
µ
∫ Λ d4k
(2pi)4
(2m2 − k2)G2(k) . (19)
We have introduced the ultraviolet cutoff Λ so as to figure
out the dependence of the axial current on Λ, which is
also implied in Refs. [43, 44]. With detailed computation
left in Appendix A, we present the conclusive result as:
Jµ5 =
η1
8pi2
Sµ
·
[
−Λ2 − 3m2 + 5
12
R+
(
4m2 − R
6
)
log
(
1 +
Λ2
m2
)]
.
(20)
Let us examine the axial anomaly indicated by
Eq. (20). To this end, we take the massless limit m→ 0.
Furthermore, since the curvature is independent of tor-
sion and irrelevant to our interest here, we rightfully take
Rµνρσ = 0. Then the axial current reads
Jµ5 = −
η1Λ
2
8pi2
Sµ . (21)
Accordingly, the divergence of the axial current takes the
form of [42]
∂µJ
µ
5 =
η1Λ
2
8pi2
εµνρσ TαµνTαρσ . (22)
In fact, the volume integral of the divergence is propor-
tional to Nieh-Yan’s topological invariant [42],
NNY =
∫
d4x εµνρσ TαµνTαρσ , (23)
which characterizes the torsional topology of space-
time. The relation (22) is referred to as the Nieh-Yan
anomaly [43, 44] in that the right-hand side has an
anomalous nature and the left-hand side embodies Nieh-
Yan’s topological invariant.
It is noteworthy that in a general sense, the divergence
of the axial current in a torsional curved spacetime re-
ceives other contributions in addition to Eq. (22), which
we are nevertheless unable to capture under our trunca-
tion scheme. For instance, Nieh-Yan’s topological invari-
ant should own the Pontryagin form of the curvature [42]
in accompany with Eq. (23), which is at the second order
of the curvature tensor. Besides, as firstly indicated in
Ref. [56], there is Λ-independent torsional contribution to
the axial anomaly from higher orders of torsion and its
derivative. To grasp this, one shall extend our analysis
to include higher-order terms of curvature and torsion.
B. Finite temperature and density
We now generalize to the chiral current (13) at finite
temperature T , vector chemical potential µ and axial
chemical potential µ5. For such purpose, we resort to the
Matsubara formalism. We impose the stationary con-
dition of metric, i.e., all metric components are time-
independent and the temporal components are space-
independent, which justifies the standard Matsubara for-
malism. For simplicity, we consider a massless fermion
with m = 0.
4We observe from the Lagrangian (11) that the tempo-
ral component of the screw torsion couples to a fermion in
an identical way with the axial chemical potential. Thus
we absorb it into a redefined axial chemical potential:
µ′5 ≡ µ5 + η1Sτ . (24)
Then without loss of generality, we specify the screw tor-
sion to be pure space-like, and further direct it along the
z-axis as Sµ = Sz zˆ on account of spherical symmetry.
One can manifest that only the τ - and z-components
of the current (13) are nonvanishing. Since the τ -
component does not depend on Sz at the linear order,
we focus on the z-component,
Jz± = 〈ψ¯γzP±ψ〉 . (25)
It is straightforward to prove that the current (25) can
be evaluated by a similar formula to Eq. (15) with the
momentum kµ therein replaced by
K±µ ≡ (k, ωn + iµ±) , (26)
with the Matsubara frequencies ωn ≡ 2piT (n + 12 ) and
the chiral chemical potential µ± ≡ µ± µ′5. To the linear
order, the chiral current is expressed as
Jz± = −η1 Tr(γzP±G±γzγ5G±)Sz + · · · , (27)
where G± is given by
G± = T
∑
ωn
∫
d3k
(2pi)3
iγµK±µ G±(k) (28)
with the perturbative expansion of G±(k) being formally
similar to Eq. (17),
G±(k) = − 1
K2±
− R
12
1
(K2±)2
+ · · · . (29)
Applying the formulas (28) and (29) to the expression
(27) and carrying out the Dirac trace, we boil the com-
putation down to the following sum-integral:
Jz± = ±2η1Sz T
∑
ωn
∫
d3k
(2pi)3
(2k2z −K2±)G2±(k) . (30)
Now that we are interested in the dependence of Jz± on
temperature and density rather than the ultraviolet scale,
we calculate the integral with dimensional regularization
and subtract the divergence according to the modified
minimal subtraction scheme. After the computation of
the sum-integral detailed in Appendix B, we obtain the
final result:
Jz± = ±
η1R
96pi2
Sz F
( µ±
2piT
)
. (31)
The dependence on temperature and density is expressed
utilizing digamma function ψ(z) as
F (z) = ψ
(1
2
+ iz
)
+ ψ
(1
2
− iz
)
, (32)
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FIG. 1. The dependence of the function F in Eq. (31) on
temperature and density.
which is depicted in Fig. 1.
We remark that the result (31) should not be directly
compared with that in zero temperature and density (20),
because the result of Jµ± would be changed by altering
the order of taking the three limits, T → 0, µ± → 0, and
m→ 0. For example in Eq. (31), the µ± → 0 limit can be
taken straight while the T → 0 limit should be analyzed
through the asymptotic expansion, and apparently the
results bear different coefficients of RSz. Discussion on
the T → 0 limit is provided in Appendix B. Moreover,
during the dimensional regularization, an infinite portion
in Jz± exists as the counterpart of the Λ-dependent term
in Eq. (20), but has already been subtracted, thus absent
in Eq. (31).
IV. TORSIONAL ELECTRODYNAMICS
Now we come to the study of the current response to an
external electromagnetic field in the presence of torsion.
It is worth reminding that we combine the edge torsion
with the electromagnetic field as
A′µ ≡ Aµ + η2Eµ . (33)
Hence our analysis in this section accounts for the current
driven by the edge torsion as well. For simplicity, we
confine our study to the massless fermion on a flat metric
with zero chemical potential. We also assume the screw
torsion to be stationary and homogeneous. Under these
assumptions, we can perform an axial transformation
ψ(x)→ exp(−iη1γ5Sµxµ)ψ(x) (34)
to eliminate Sµ from the fermionic sector of the La-
grangian. This transformation meanwhile yields the fol-
lowing anomalous term in the gauge sector:
Sanom =
η1
4pi2
∫
d4x A′µSν F˜
µν , (35)
5where Fµν ≡ ∂µA′ν − ∂νA′µ and F˜µν ≡ 12εµνρσFρσ. Re-
markably, Eq. (35) is formally the same as the action of
axion electrodynamics and the screw torsion plays the
role of the derivative of the vacuum angle: Sµ ∼ ∂µθ.
The functional derivative of the action (35) with re-
spect to Aµ gives rise to the vector current,
Jµ =
η1
2pi2
Sν F˜
µν . (36)
This equation summarizes multiple torsion-induced phe-
nomena. The temporal component represents an anoma-
lous charge density
n =
η1
2pi2
S ·B , (37)
resembling the Witten effect [57], in which magnetic flux
traversing the gradient of the vacuum angle induces the
extra charge. Thus we entitle Eq. (37) the torsional Wit-
ten effect. On the other hand, the spatial component of
the current reads:
J =
η1
2pi2
(SτB + S ×E) . (38)
The first term is the torsional realization of the chiral
magnetic effect [1] in which Sτ acts as the axial chemi-
cal potential. We thereupon designate it as the torsional
magnetic effect. The second term is a current perpen-
dicular to the electric field, which we name the torsional
Hall effect after the anomalous Hall effect [58, 59].
As the parity dual of the vector current (36), the axial
current is derived in parallel from the anomalous action
(35) as
Jµ5 =
η2
4pi2
Eν F˜
µν . (39)
Given that the torsion is mimicked by lattice disloca-
tion [45], this relation would be suggestive for condensed
matter experiments about creating chirality imbalance
without axial chemical potential.
V. CONCLUSION
We calculate the torsion-induced current at finite tem-
perature, density and curvature for the general Einstein-
Cartan gravity theory. The axial current at zero temper-
ature and density reveals the relation between the CTE
and Nieh-Yan’s topological invariant. The chiral current
at finite temperature and density features a rather non-
trivial dependence on temperature and density, distin-
guished from the quadratic dependence on T and µ± in
the CVE.
Our work has not only theoretical significance but also
phenomenological implications. It has been proposed
that torsion can be realized as lattice dislocation, indi-
cating that the torsion-induced current is experimentally
verifiable. The interaction between torsion and electro-
magnetic field demonstrates torsion as an alternative to
the axial chemical potential for the production of chi-
rality imbalance, heralding broader physical contexts for
the study of chiral transport phenomena. The analogy
between torsional electrodynamics and axion electrody-
namics substantiates that novel topological effects in the
latter can exist in a torsional spacetime even without
a vacuum angle. One interesting example is the recently
discovered axionic Casimir force that proves anomalously
repulsive in Ref. [60].
Based on this paper, several future directions await us
to explore. For example, we have truncated the result
to the leading order of both torsion and curvature. The
generalization to higher orders would fully clarify the re-
lation between the torsion-induced current and the axial
anomaly in the Einstein-Cartan gravity theory. Also, we
have treated the torsion as a background field and the
extension to dynamical torsion would be a challenging
yet intriguing future task.
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Appendix A: Integrals in zero temperature and
density
We supply details for the calculation of Eq. (20). Up
to the leading orders of mass and curvature, Eq. (19)
involves the following integrals calculated with hard the
cutoff at k2 = Λ2:
∫ Λ d4k
(2pi)4
1
(k2 +m2)3
=
1
32pi2m2
, (A1)∫ Λ d4k
(2pi)4
1
(k2 +m2)2
=
1
16pi2
[
log
(
1 +
Λ2
m2
)
− 1
]
,
(A2)∫ Λ d4k
(2pi)4
k2
(k2 +m2)3
=
1
16pi2
[
log
(
1 +
Λ2
m2
)
− 3
2
]
,
(A3)∫ Λ d4k
(2pi)4
k2
(k2 +m2)2
=
1
16pi2
[
Λ2 − 2m2 log
(
1 +
Λ2
m2
)
+m2
]
. (A4)
These formulas lead us to the result (20).
6Appendix B: Integrals in finite temperature and
density
We provide a concrete derivation of Eq. (31). With the
expansion (29) applied, the current (30) equals
Jz± = ±2η1Sz
[
2Iz2 − I1 +
R
6
(2Iz3 − I2)
]
, (B1)
where we have defined for convenience the following sum-
integrals:
In ≡ T
∑
ωn
∫
d3k
(2pi)3
1
(K2±)n
, (B2)
Izn ≡ T
∑
ωn
∫
d3k
(2pi)3
k2z
(K2±)n
. (B3)
We adopt the dimensional regularization d3k/(2pi)3 →
M3−dddk/(2pi)d with the number of dimensions d = 3−
2 and the scale parameter M . Then we carry out the
momentum integrals:
In =
M3−dΓ(n− d2 )
(4pi)
d
2 Γ(n)
T
∑
ωn
(K2±τ )
d
2−n , (B4)
Izn =
1
2(n− 1)In−1 . (B5)
After some algebra, the Matsubara sum amounts to∑
ωn
(K2±τ )
d
2−n
= (2piT )d−2n
[
ζ
(
− d+ 2n, 1
2
+ i
µ±
2piT
)
+ c.c.
]
, (B6)
where ζ(z, a) denotes the Hurwitz zeta function. The
integrals I1 and I
z
2 have no divergence at  = 0 and read
directly:
I1 = −
µ2±
8pi2
− T
2
24
+O() , (B7)
Iz2 = −
µ2±
16pi2
− T
2
48
+O() . (B8)
On the other hand, the integrals I2 and I
z
3 diverge at  =
0 and therefore request regularization. We exploit the
Laurent series expansion of the Hurwitz zeta function:
ζ(1 + 2, z) =
1
2
− ψ(z) +O() . (B9)
In this way, we derive
I2 =
1
16pi2
[
1
¯
+ 2 log
( M
4piT
)
− F
( µ±
2piT
)]
+O() ,
(B10)
where the definition of the function F (z) has been clari-
fied in Eq. (32) and the constant is defined as
1
¯
=
1

− γE + log(4pi) . (B11)
Following the modified minimal subtraction scheme, we
subtract the infinity as well as the logarithmic term in
Eq. (B10), and obtain the final result:
I2 = − 1
16pi2
F
( µ±
2piT
)
, (B12)
Iz3 = −
1
64pi2
F
( µ±
2piT
)
. (B13)
Eventually, one can easily attain the chiral current (31)
by plugging the sum-integrals (B7), (B8), (B12) and
(B13) into the formula (B1).
Notably, though temperature T appears in the denomi-
nator of the variable of F (z), taking the zero-temperature
limit T → 0 does not incur singularity, because digamma
function converges for a variable with the large imaginary
part. To elaborate this point, we perform the asymptotic
expansion of digamma function
ψ(z) = log z − 1
2z
− 1
12z2
+ · · · , (B14)
which leads to
I2 =
1
16pi2
(
1
¯
+ 2 log
piM
µ±
+
pi2T 2
3µ2±
)
+ · · · . (B15)
This equation illuminates the proper way to examine the
low or zero-temperature limit of our result (31). By com-
parison, one can analyze the small density limit via the
Taylor expansion of Eq. (31) with respect to µ± straight-
forwardly.
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